Abstract. Let X be a Weinstein manifold with ideal contact boundary Y . If Λ ⊂ Y is a link of Legendrian spheres in Y then by attaching Weinstein handles to X along Λ we get a Weinstein cobordism X Λ with a collection of Lagrangian co-core disks C corresponding to Λ. In [3, 8] it was shown that the wrapped Floer cohomology CW * (C) of C in the Weinstein manifold X Λ = X ∪ X Λ is naturally isomorphic to the Legendrian differential graded algebra CE * (Λ) of Λ in Y . The argument uses properties of moduli spaces of holomorphic curves, the proofs of which were only sketched. The purpose of this paper is to provide proofs of these properties.
Introduction
A Weinstein 2n-manifold X, see [5] for terminology, admits a handle decomposition with isotropic handles of dimension ≤ n. It follows from the h-principle for isotropic submanifolds of contact manifolds below maximal dimension that if X is subcritical (i.e., if it admits a handle presentation without n-dimensional or critical handles) that X is flexible in the sense that any symplectic tangential homotopy equivalence of two subcritical manifolds is homotopic to a symplectomorphism. The class of flexible Weinstein manifolds includes also a class of critical manifolds: those with critical Lagrangian handles attached along a loose Legendrian link, see [11] .
Flexibility no longer holds in the presence of critical handles attached along non-loose Legendrian links, which is when symplectic rigidity phenomena come to life. The main tool for detecting rigidity is holomorphic curve theories. For Weinstein manifolds the most basic such theory is the wrapped Floer cohomology of co-core disks CW * (C). In [3, 8] CW * (C) was computed in terms of the Legendrian attaching spheres.
To state this result with more precision, let X be a Weinstein manifold with contact boundary Y and Λ ⊂ Y a link of Legendrian spheres. Let X Λ denote the Weinstein cobordism which is a neighborhood of Lagrangian handles attached along Λ and X Λ = X ∪ X Λ . In each handle attached to a component of Λ there is a Lagrangian co-core disk. Let C denote the union of all co-core disks. Then CW * (C) is isomorphic to the Legendrian differential graded algebra CE * (Λ) of the attaching spheres in Y . Many other theories, e.g., the symplectic homology SH * (X Λ ) can be obtained algebraically from CW * (C). In [3, 2] corresponding geometric surgery isomorphisms were described. The key points in the proofs of the surgery formulas are certain geometric properties of Reeb dynamics and moduli spaces of holomorphic disks and spheres. The purpose of this paper is to provide proofs of these. This will then complete the proofs in [3, 2, 8] .
We next give a more detailed description of the contents of the paper. In Section 2 we study moduli spaces needed for what was called anchoring in [3] . Anchoring is useful not only for Legendrian surgery but for defining Legendrian differential graded algebras in fillable 2010 Mathematics Subject Classification. 53D42, 53D40. TE was supported by the Knut and Alice Wallenberg Foundation and the Swedish Reserach Council.
contact manifolds and for defining wrapped Floer cohomology without Hamiltonian. Here one studies holomorphic disks with Lagrangian boundary condition in a Weinstein cobordism with negative end and the desired compactness for moduli spaces used to show chain map equations or that differentials square to zero fails because of splitting off of holomorphic planes at Reeb obits in the negative end. Anchoring then means counting all broken curves with holomorphic planes in the filling of the negative end to retain compactness.
The holomorphic disks in these theories have a distinguished boundary puncture that induces an asymptotic marker on any orbit where a plane splits off. We utilize this marker to remove symmetry from holomorphic planes and thereby get a comparatively simple perturbation theory that allows for counts over the integers.
We give a direct proof of the required transversality result using a specific form of perturbation defined near the initial unperturbed moduli space of holomorphic planes. To state the result, let X be a Weinstein manifold and let J be an almost complex structure compatible with the Weinstein structure of X. We assume for simplicity that c 1 (X) = 0 and π 1 (X) = 0.
(It is straightforward to use the results proved here for Legendrian surgery in more general cases, see [9, Section 7 .3] for a discussion). Let γ be a Reeb orbit with a marker and let M(γ) denote the moduli space of holomorphic spheres with asymptotic marker and positive puncture at γ. We use the marker and results on the asymptotics of holomorphic curves from [15] to stabilize the domains of maps in M(γ) and then to define a functional analytic neighborhood U of M. We show how to construct a perturbation λ of the Cauchy-Riemann equation∂ J u = 0 to∂ J λ u = 0, where J λ is a domain dependent almost complex structure that is allowed to depend not only on the domain but also on the map in U. Let M λ (γ) denote the corresponding solution space. Let |γ| = CZ(γ) + (n − 3) denote the grading of γ. Here CZ denotes the Conley-Zehnder index. We prove the following result. Theorem 1.1. For generic perturbation λ, M λ (γ) is a transversely cut out manifold of dimension |γ| with a natural compactification M λ (γ) that consists of several level curves and M λ (γ) has the structure of a compact orientable manifold with boundary with corners.
In Sections 3 and 4 we give detailed geometric models of Lagrangian handle attachment along a Legendrian sphere and in Section 5 we study Reeb dynamics in these models. To state the result, let Y Λ ( ) be the contact manifold that results from attaching a width handle to the Weinstein manifold X along the Legendrian link Λ in its contact boundary Y . Let X Λ ( ) denote the Weinstein cobordism which is a neighborhood of the handle. Let C ⊂ X Λ ( ) denote the union of co-core Lagrangian disks and Γ the Legendrian boundary of C in Y Λ ( ). Theorem 1.2. For Reeb chords of action smaller than a , a → ∞ as → 0, there is a natural 1-1 correspondence between the following sets:
(1) The set of Reeb chords R(Γ) of Γ and the set Ω(R(Λ)) of composable words of Reeb chords of Λ. In Section 6 we adapt the construction of X Λ to holomorphic curves. In Section 7 we then construct and count basic holomorphic disks interpolating between the Reeb chords and orbits after surgery and the words of Reeb chords before the surgery in Theorem 1.2. We use the following notation. If w ∈ Ω(R(Λ)) is a composable word of Reeb chords then w denotes the corresponding chord in R(c) and if w
• ∈ Ω • (R(Λ)) is a composable cyclic word we write w
• for the corresponding orbit. Note also that if C denotes the co-core disks and L the core disks of the surgery, then L ∩ C intersects transversely in one point in each handle attached.
First, consider the unit disk D in the complex plane with punctures fixed at 1, i, and −1, and m boundary punctures on the arc between −1 and 1 in the lower half plane. Write ∂ + D and ∂ − D for the part of the boundary of D that lies in the upper and lower half planes respectively. If c is a Reeb chord of Γ = ∂C and w is a word of Reeb chords of Λ = ∂L then we write M(c, w) for the moduli space of holomorphic disks u : (D, ∂D + , ∂D − ) → (X Λ , C, L) with positive puncture at c and negative punctures in ∂D − at the Reeb chords in the word w.
Second, consider again the unit disk D but now with a fixed puncture at 0 with an asymptotic marker along the positive real axis and then additional boundary punctures. If γ is a Reeb orbit with marker and w
• is a cyclic word of Reeb chords, we write M(γ, w • ) for the moduli space of holomorphic disks u : (D, ∂D) → (X Λ , L) with marked positive puncture at the marked Reeb orbit γ and negative punctures in w
• .
Theorem 1.3. Moduli spaces of holomorphic disks interpolating between Reeb chords and orbits after surgery and the corresponding words of Reeb chords before surgery satisfies the following.
(1) For any word w ∈ Ω(R(Λ)), the moduli space M(w, w) is a transversely cut out orientable 0-manifold with algebraically ±1 point in it. (2) For any composable cyclic word w
• ∈ Ω(R • (Λ)) and any marker on (the geometric orbit underlying) w
• , the moduli space M(w • , w • ) is a transversely cut out orientable 0-manifold with algebraically ±1 point in it.
See Lemma 7.8 for analogous results for other Legendrians.
Moduli spaces for anchoring
The purpose of this section is to prove Theorem 1.1. Before going into the proof we elaborate on the motivating discussion from Section 1.
2.1. Background. Below we give an account of a perturbation scheme needed to study moduli spaces of holomorphic disks in a (possibly trivial) Weinstein cobordism W with negative contact boundary Y , where Y is filled by a Weinstein manifold X, anchored in X. The disks have boundary on a Lagrangian submanifold L ⊂ W , boundary punctures at Lagrangian intersections and at Reeb chords in the positive and negative end, and additional interior negative punctures at Reeb orbits. Geometric conditions (one positive puncture, or boundary punctures going to distinct Lagrangians, etc) ensure that the disks can not be multiply covered. Therefore the corresponding moduli spaces are easily seen to be transversely cut out for generic almost complex structure.
Anchoring concern attaching holomorphic spheres with one positive puncture at the interior negative punctures of the disks. These spheres live in X and we need a description of their compactified moduli spaces. The moduli spaces of punctured spheres are less well behaved, there are curves that branch cover other curves and one must therefore use abstract perturbations to achieve transversality. By now there are a number of standard approaches [16, 18, 17, 19, 14, 12, 13] . It is clear that any of these perturbation schemes can be adapted to the current setup and give the extension of the theories that are natural from the SFTperspective: chord algebras with coefficients in the orbit contact homology algebra.
However, for the purposes of proving the Legendrian surgery formula (and to define Chekanov-Eliashberg algebras for fillable contact manifolds) the full strength of such a result is not needed. Rather, it is sufficient to show that the moduli spaces of holomorphic disks with additional interior negative punctures has a good compactification induced by the moduli space of holomorphic spheres in the symplectic filling X. In other words we study the moduli space of holomorphic buildings where the lower levels of the building constitute (possibly still several level) punctured spheres that fill the interior negative punctures in higher levels. There are two simplifications here, first we need not preserve any symmetry properties associated to the Reeb orbits at interior punctures. Second, we can take advantage of the geometry of the situation as follows. The top level is a disk with a distinguished boundary puncture. That puncture induces an asymptotic marker at each interior puncture which then allows us to study a compactification where the lower levels consist of holomorphic spheres with one positive puncture with an asymptotic marker. The marker at the positive puncture removes symmetries from the domain and the perturbed moduli spaces become manifolds rather than orbifolds. (From point of view of the orbit algebra, the second part is related to the non-equivariant orbit algebra, see e.g. [9] .)
Since it is shorter and much work in this direction has already been carried out in closely related settings, we will here, rather than referring to general existence theorems for perturbations, simply construct a very specific perturbation in a neighborhood of the moduli space (that depends on the maps and domains) and show directly that it has the required properties. More precisely, we use a Cauchy-Riemann equation with almost complex structure that generally depends on both the domain and the map but which outside a neighborhood of broken curves varies only near the puncture and depends only on the angular coordinate sufficiently near the puncture of the holomorphic spheres. To arrange these perturbations we will stabilize the domains of stable holomorphic spheres with unstable domains. Here we use known asymptotic properties of holomorphic planes to find marked points that map to a neighborhood of the Reeb orbits and are singled out by the asymptotic marker. Our argument uses standard tools from Floer theory e.g. Floer gluing and orientations from determinant bundles that have been studied in detail elsewhere, e.g. [4, 9, 10] . Results from there are easily adapted to the current setting and the corresponding arguments will not be repeated.
Asymptotics of holomorphic curves.
Consider the space J of almost complex structures J on X which are compatible with the symplectic structure ω and which in the end [0, ∞) × Y are translation invariant and preserves the contact planes.
Let u : S → X or u : S → R × Y be a punctured holomorphic curve. Consider cylindrical coordinates, s + it ∈ [0, ∞) × S 1 , in a neighborhood of a puncture in S where u is asymptotic to a Reeb orbit γ. There are coordinates (θ, x, y) ∈ S 1 × T * R n−1 on a neighborhood of γ in Y and a positive function f : S 1 × T * R n−1 → R with f (θ, 0, 0) = T , where T is the action of γ, and df (θ, 0, 0) = 0, such that the contact form in the neighborhood is
. . denote the discrete negative eigenvalues of the asymptotic operator
where X is the Reeb vector field and pr is projection to the contact plane along X. Writing z = (x, y), the following asymptotic result for holomorphic curves u : Σ → X or u : Σ → R×Y with a positive puncture at γ is proved in [15, Theorem 1.4] : Either u is a branched cover of the trivial cylinder R × γ or there exists j such that
where l j (s) → λ j < 0, as s → ∞, r(s, t) → 0 uniformly in all derivatives as s → ∞, and where φ j is a non-vanishing eigenfunction of the eigenvalue λ j . We say that u with this property has asymptotics according to the j th eigenvalue. With (2.1) established it is not hard to get more refined information about the asymptotics. We have the following result.
Lemma 2.1. There exists δ > 0 and c k ∈ C n−1 such that
where c 1 = · · · = c j−1 = 0 if u has asymptotics according to the j th eigenvalue.
Proof. As shown in [15, Equation (33) ] the function z satisfies the differential equation
on the cylinder [0, ∞) × S 1 where lim s→∞ S(s, t) = S 0 (t), so that in these coordinates the asymptotic operator is i∂ t − S 0 (t). We next show that the operators∂ + S and∂ + S 0 are conjugate. We conjugate by multiplication by (1 + h) where h is a small smooth (n − 1) × (n − 1)-matrix-valued function and 1 the identity matrix. We get the equation
Thus, we look for a matrix valued function h such that
By 2.1 we have |S(s, t) − S 0 (t)| = O(e −λ j s ). By Rellich's theorem the 0-order operator h → Sh − hS 0 is compact on the Sobolev space H 2 mapping into H 1 where we use a small positive weight δ. If we use a small negative weight −δ at the other infinity of the cylinder R × S 1 then the operator has Fredholm index zero. For trivial perturbation there is no kernel and a unique solution. Writing · (−δ,δ) for the weighted norm, this means that there is a constant C > 0 such that
This persists for small perturbation. Using a cut-off function at s 0 , the operator h → Sh−hS 0 has norm O(e −δs 0 ) and thus we find a unique solution h of (2.3) with 2.3. Asymptotics and stabilizing marked points. Fix an almost complex structure J ∈ J . Let M denote one of two types of moduli spaces:
• The moduli space of once punctured holomorphic spheres u : S → X with an asymptotic marker at the positive puncture.
• The moduli space of holomorphic spheres with one positive and possibly several negative punctures u : S → R × Y and an asymptotic marker at the positive puncture, such that the action of the positive orbit is strictly larger than the sum of the actions of the negative orbits. SFT-compactness [1] says that M is generally not compact but has a natural compactification consisting of several level holomorphic buildings. Here a holomorphic building consist of several levels, where each level is a collection of punctured holomorphic spheres, all with one positive puncture with an asymptotic marker. The levels are joined at Reeb orbits and images of markers at matching punctures agree. Write M for the compactification of M and let V ⊂ M be an open neighborhood of the boundary of M. Then M \ V is compact. Proof. This is a straightforward consequence of SFT-compactness. Assume not, then there exists a sequence u j ∈ M \ V that by compactness converges to a curve in u ∈ M \ V with trivial leading asymptotics. By the asymptotic properties of holomorphic curves (2.1) u contains a branched covered trivial cylinder and therefore lies in the boundary of M. This contradicts u / ∈ V. The lemma follows. 
We next explain how we stabilize domains of punctured holomorphic spheres and cylinders. Let γ be a Reeb orbit with marker and as above, let M(γ) be the moduli space of punctured holomorphic spheres with one positive puncture at γ and an asymptotic marker.
Fix a tubular neighborhood N (γ; r) ≈ γ × D(r) of γ in Y , where D(r) is the r-disk in C n−1 . Let D u(1) (r) denote the fiber disk at the image of the marker u(1). Then, by (2.1), if u has leading asymptotics according to the k th eigenvalue then, for all sufficiently small r, the preimage u −1 (D u(1) (r)) consists of k arcs, exactly one of which is asymptotic to the marker at infinity. We say that fiber disks with such preimage are in good position with respect to u.
Let V be a neighborhood of the boundary of M as in Lemma 2.2.
Lemma 2.3.
There is an open cover
and radii r m > r m−1 > · · · > r 1 > 0 with the following properties.
• Using the open cover, we define a suitable functional analytic neighborhood of the moduli space. Consider a holomorphic sphere in U k . We fix the domain of u : C → X or u : C → R×Y as follows. Consider the arc u −1 (D u(1) (r k )) that is asymptotic to the marker at infinity. Let
. The automorphisms of the domain of u has the form ζ → k(ζ − b), where k is a positive real number and b a complex number. We fix parametrization of u by requiring that ζ 0 = 1 and that ζ 1 lies on the circle of radius 2.
With this parametrization fixed we consider the Sobolev space of maps with two derivatives in L 2 and small positive exponential weight near the puncture. Here we also require that the maps take the marked points to D u(1) (r k ) and D u(1) (r k /2), respectively. This gives a functional analytic neighborhood V k of U k . We need to consider transition maps for V k ∩ V j . Since the closures of U j are compact it follows that the marked points lie at bounded distance and it is straightforward, using the expansion in Lemma 2.1, to show that the corresponding coordinate changes on the functional analytic spaces are smooth, compare [10, Section 4.3] .
We parameterize cylinders by the punctured plane C * and use only the first marked point. For curves in the symplectization we use the R-coordinate at the marked point to fix the R-translation.
2.4.
The perturbation scheme. We will use a rather concrete perturbation in the neighborhood of the moduli space constructed above.
Remark 2.4. The resulting perturbation scheme is similar to perturbation data for Mpolyfolds (the perturbation depends both on domain and the map). Instead of picking an abstract sc + -section we will rather perturb the equation to an equation with domain dependent almost complex structure and show that this suffices for transversality and gives a perturbed moduli space as a manifold with boundary with corners.
Our construction is inductive in action of the Reeb orbit at the positive puncture and in Hofer energy. The first step is trivial:
Step 1. Consider the Reeb orbit γ of lowest action. The moduli space of marked holomorphic planes with positive puncture at γ is compact. There cannot be any bubbling since bubbles would have smaller action. Furthermore, since the Reeb orbit is simple, any curve with asymptotics at this orbit has an injective point and we get transversality by perturbing J.
Inductive step. Consider an s-fold covered Reeb orbit γ (s) . We assume inductively that we have found a perturbation scheme for all spheres with positive puncture at Reeb orbits of action less than γ (s) α and we extend the perturbation scheme to curves with positive puncture at γ (s) . The perturbation is inductively assumed to have the following properties:
• For each perturbed moduli space M(β) there is a δ-neighborhood of the boundary outside of which the perturbed equation agrees with the standard Cauchy-Riemann equation except in cylindrical neighborhoods of the punctures where the equation is domain dependent in such a way that it depends only on the angular coordinate sufficiently close to the puncture.
• In a neighborhood of the boundary the equation is obtained by gluing the equations of the curves in the levels of the building at the boundary. Consider now the Reeb orbit γ (s) . Curves of zero action and positive puncture at γ (s) are degree s branched covers of the trivial cylinder over γ, the simple Reeb orbit underlying γ (s) . To define a perturbation near these branched covers we follow [9] . As in [9, Section 2.1], consider the Deligne-Mumford space of punctured spheres with a distinguished positive puncture and a marker at this puncture. We consider a section of cylindrical ends in the domains and fix a splitting compatible section of complex structures in the contact planes that depends on the S 1 -coordinate in the ends. We turn off the perturbation outside the cylindrical ends. Splitting compatibility means that in a neighborhood of broken curves the almost complex structure depends on the domain in the stretching neck. With these choices we get a domain dependent Cauchy-Riemann equation and the standard argument gives transversality.
After branched covers of trivial cylinders have been dealt with we consider broken curves at the boundary of the moduli space. By induction and the above construction for branched covers of trivial cylinders, we have compatible perturbation data for all curves in the boundary and by Floer gluing we get solutions to the glued equation for curves in a δ-neighborhood V of the boundary of M = M(γ (s) ). We point out that all curves glued at this point are transversely cut out: the standard Floer-Picard argument applies. (A much more involved version of the gluing needed in this case can be found in [4, Section 4.3] . It is straightforward to adapt he details there to the current case.)
We continue our construction and define the perturbation over all of M(γ (s) ). We use the cover U j of Lemma 2.3 corresponding to a 1 4 δ-neighborhood of the boundary of M. Start at the maximal j = m and pick a domain dependent perturbation for transversality. For curves in U j−1 ∩ U j we then have a perturbation defined. After changing coordinates we extend it to the rest of U j−1 . By induction we then have perturbation data over M \ V. Finally, we interpolate between the perturbation data in the δ-neighborhood V induced from the boundary perturbation and the perturbation in V \ V induced from the perturbation over M \ V in such a way as to keep the domain dependent almost complex structures near the punctures. For such domain dependent almost complex structures transversality follows from standard arguments by perturbing near the puncture.
Proof of Theorem 1.1. The perturbation scheme described gives a manifold with boundary with corners in a neighborhood of the moduli space in the space of maps (with stabilization as described). By construction, this manifold is transversely cut out and satisfies SFT compactness. The corner structure is inherited from the gluing parameters, compare [10, Section 6.4 -6.6]. Orientation is induced from the index bundle in the standard way, see e.g., [9, Appendix: Determinant bundles and signs].
Local models
Our study of symplectic handle attachment and associated cobordisms below are all based on rather detailed local models for handles. In this section we give the details of these local models themselves that are neighborhoods of index n critical points of a Morse function on C n .
3.1. Notation for vectors and forms. Consider R 2n ≈ C n with coordinates (x, y) = x+iy, x, y ∈ R n . If u = (u 1 , . . . , u n ) are coordinates on R n then we write
and think of it as a vector of cotangent vectors, we also write
and think of it as a vector of tangent vectors. If u, v ∈ R n then we write
and use the abbreviation u 2 = u · u. Further we denote the norm by |u| = √ u 2 . Similarly, if u ∈ R n and η = (η 1 , . . . , η n ) is a vector of cotangent-or tangent vectors we write
and finally if ξ = (ξ 1 , . . . , ξ n ) and η = (η 1 , . . . , η n ) are vectors of cotangent vectors we write
Below we will often use a splitting of C n = C × C n−1 . We write x + iy = (x 1 + iy 1 ) + (x 2 + iy 2 ) ∈ C × C n−1 and employ the above conventions for vectors and covectors of C n−1 .
3.2.
Building blocks for the handle. In this section, we first describe basic handles which we will use to study Reeb dynamics, then flattened handles. Flattened handles are small deformations of basic handles that make it easier for us to construct and control certain holomorphic curves.
3.2.A. Basic handles. Let > 0, let p 0 be an integer, and let s be an integer with 1 10 p < s < 1 5 p. (Below we will take → 0.) Define the hyper-surfaces V ± ⊂ C n as
and the handle H ⊂ C n as the region bounded by V ± . We introduce the following subsets of R n ∩ W and of iR n ∩ W :
Here D y ( p ) and S y ( p ) are the core disk and the core sphere of H , respectively, and D x ( p ) and S x ( p ) are the co-core disk and the co-core sphere of H , respectively. See Figure 2 . 
is a Liouville vector field of the standard symplectic form
Consider the normal vector field
where the normalization factor N (x, y) satisfies
3.3. The Reeb flow on V ± . In this section we describe the Reeb flow on the boundary of basic handles. Changing the speed of the Reeb vector field R α in (3.4), its flow is given by the solution to the linear differential equation
which, for initial condition (x(0), y(0)), is (3.6)
is a tubular neighborhood of the Legendrian sphere S x (
where the diffeomorphism
The boundary ∂N + ( s+1 ) is the product
We study the Reeb flow through N + ( s+1 ). Fix y(0) ∈ S y ( s+1 ). Denote the time t Reeb flow starting at (x, y(0)) ∈ ∂N + ( s+1 ) by Φ t (x). Define
where π y (x, y) = y. It is easy to see that τ (x) is uniformly bounded.
is a diffeomorphism from the hemisphere
Proof. The derivative of the flow (x(t), y(t)) of (3.6) with initial condition (x, y(0)) satisfies
Equation (3.6) implies that for any y ∈ S y ( s+1 )−{y(0)} there is a unique x ∈ S x ( 
is illustrated schematically by the intersection of the flow line and an infinitesimal sphere surrounding the starting point.
3.4. Neighborhoods of spheres. Let Λ ⊂ Y be a Legendrian sphere in a contact manifold. Fix a contact identification of a neighborhood of Λ ⊂ Y with a neighborhood of the 0-section in
, where we identify J 1 (S n−1 ) with a subset of R n × R n × R as follows
We use the standard contact form α st on J 1 (S n−1 ) given by
and with Reeb vector field R αst = ∂ z . Furthermore, we consider
We will consider tubular neighborhoods of the zero section
where Q q are positive definite quadratic forms and where f q (s) are non-negative functions on [0, r 2 ] which vanishes at r 2 .
The intersection
is a tubular neighborhood of the Legendrian sphere S y ( p ) ⊂ V − :
The boundary ∂N − (
) is the product
Define W − ⊂ V − as the subset
Consider the map
defined by the formula
is an embedding into a neighborhood of the 0-section of the form
where Q q is a family of positive definite quadratic forms such that for each q the surface {p : Q q (p) = 1} lies between the spheres |p| = C 0 2 and |p| = c 0 2s+2 for positive constants c 0 and
Proof. To see that the first statement holds note that for given q ∈ S n−1 , the set of points which map to the fiber T * q S n−1 is
where y |y| = q. Projecting out y, the intersection projects to a solid ellipsoid in R n and the image under ψ is that ellipsoid mapped to the fiber over q and scaled by |y|. The maximal length of a vector in
) is of size and the minimal length is of size s+1 . The same estimates hold for |y| if y ∈ S y ( s+1 √ 1 + 2p−2s−2 ) and the first statement follows. To prove the last statement, we calculate
and since x · y = 0 along W − ,
Note that the Reeb field R α is transverse to W − . We use the Reeb flow with initial condition in B − (
. Its image will be a neighborhood of the form (3.7).
Let Φ t (p), p ∈ V − denote the time t Reeb flow starting at p. Consider the space 1 ) and consider the map
Since Reeb flows preserves contact forms, the contact form α on V − is given by (3.10)
where t is a coordinate on (−1, 1) and where β res denotes the form β restricted to B − (
We define the map Ψ :
where ψ : 
Proof. The statement on contact forms is immediate from (3.10). To see that the size of the neighborhood is correct, note that given an initial condition in B − (
), a crude estimate is that it takes the re-normalized Reeb flow of (3.6) O (log(
), the minimal ratio of the length of the re-normalized Reeb field and the length of the original Reeb field is larger than C −2s−2 for some constant C > 0 and the last statement follows as well.
Construction of a cobordism
Let Y be a contact (2n − 1)-manifold and let Λ ⊂ Y be a Legendrian (n − 1)-sphere. In this section we construct an explicit family of models for the exact symplectic cobordism X Λ with positive contact boundary Y Λ and negative contact boundary Y obtained by attaching a handle to 
Remark 4.1. In order to keep track of neighborhood sizes we fix a reference metric on Y which agrees with the standard metric in J 1 (S n−1 ).
The contact manifold Y Λ ( ) which results from surgery on Λ ⊂ Y is identical to Y outside N (Λ) and obtained by attaching a neighborhood of
We now give the details of this construction. Consider the Liouville flow (x(t), y(t)) = Ω t (x(0), y(0)), t ∈ R, of the vector field v on C n , see (3.3) , with initial condition (x(0), y(0)). This flow is given by
We will consider initial conditions (x(0),
For such initial conditions, define T (x(0), y(0)) through the equation
see Figure 4 . and satisfies
Proof. Write T = T (x(0), y(0)). Then
Using (x(0), y(0)) ∈ V + , we rewrite this as
2s+2 , since the left hand side is increasing in T , and since the right hand side is decreasing in T we conclude that T ≤ C 2p−2s−2 for some constant C. For such T the functions in brackets are approximately constant and we find that
where φ(x(0)) is a smooth function.
see (4.1), denote the flow time it takes for an initial condition (x(0),
and let E = Ω T (E ).
By Lemma 4.4, the distance from E to V + is O( 2p−3s−2+l ). Let (4.5) N (˜ s+1 ) ⊂ C n denote a hyper-surface with the following properties, see Figure 5 . 
• It agrees in a neighborhood of its boundary with a neighborhood in E of the part of the boundary of E corresponding to x
• It lies in an O(
The Liouville field v, see 3.3, on C n then induces the contact form 2x · dy + y · dx on N (˜ s+1 ). Define
The Liouville vector field v satisfies L v (2x·dy+y·dx) = 2x·dy+y·dx and (2x·dy+y·dx)(v) = 0. Thus
We conclude from (4.8) that F takes the contact structure on N − (
) to the contact structure on N (˜ s+1 ), and that the contact form on the image which corresponds to α on V − is e −T α rather than α itself. 
The contact form on Y Λ ( ) is given by e T α on Y −N (Λ) and is agreeing with the contact form induced by the Liouville vector field on N (˜ s+1 ). In particular, this contact form agrees with α = 2x · dy + y · dx in regions where N (˜ s+1 ) agrees with V + .
Remark 4.3. The Legendrian co-core sphere Γ in Y Λ ( ) is the sphere
4.2. The construction of X Λ ( ). We define the symplectic cobordism X Λ ( ) interpolating between Y and Y Λ ( ). We use notation as in Section 4.1. Consider the bounded domain H ⊂ C n bounded by the following three hyper-surfaces
equipped with the standard symplectic form on C n . By (4.5), in a neighborhood of • Λ ( ) then extends in a canonical way. We call this non-compact symplectic cobordism X Λ ( ) and denote its symplectic form ω.
Reeb chords, Reeb orbits, and a deformation of the basic handle
In this section we describe the Reeb chords of the co-core spheres Γ and Reeb orbits in the contact manifold Y Λ ( ). We also define slightly deformed versions of the symplectic cobordism X Λ ( ) and its contact boundary Y Λ ( ) that are well suited for our study of holomorphic curves in later sections. 
and the action of a cyclic word as the action of any representative. We note that for generic contact form α on Y the set of actions of Reeb orbits and of words of Reeb chords is discrete. We call this set the action set of Λ ⊂ Y .
Let a 0 > 0 be real number which is not in the action set of Λ ⊂ Y . Write R
(Y ) for the Reeb orbits in Y of action less than a 0 . Also write Ω
• R a 0 (Λ) for the set of composable cyclic words of Reeb chords of Λ.
Lemma 5.1. There exists 0 > 0 such that for 0 < < 0 , there is a natural 1-1 correspondence R
In fact, any Reeb orbit γ of Y with a(γ) < a 0 lies outside an O( )-neighborhood of Λ with respect to the reference metric and is also a Reeb orbit of Y Λ ( ).
Proof. It is clear that any Reeb orbit in Y of action < a 0 stays outside an O( )-neighborhood of Λ for small enough. Also, it is straightforward to check that any Reeb orbit in Y Λ ( ) which goes through the handle converges to a cyclic word of Reeb chords as → 0. It thus remains to show that there exists a unique orbit for each cyclic word for sufficiently small. We carry out the proof in the case when Λ has only one connected component, the multi-component case is only notationally more difficult. 
is hit. 
Then
and let
Lemma 3.1 implies that if A is the set of (p, q) ∈ D 
Let Ψ(q, p) = Φ τ (q,p) (q, p), and define
Since the linearized Reeb flow in Y takes the tangent space T c Λ and on how well the Reeb flow is approximated by its linearization. Since both these quantities are uniformly controlled for Reeb chords below a fixed action, we conclude that the size of the fiber is controlled by some constant times the size of the fiber in J 1 . Repeating this process we produce fibered subsets J 2 , I 3 , J 3 , . . . , J m with the property that J k = Ψ (I k ) ∩ D Then F contracts fibers, and since the flow takes closed subsets to closed subsets, any finite intersection of the form
is non-empty. It follows that the corresponding infinite intersection is non-empty as well. In particular, F has a fixed point (q 0 , p 0 ) which corresponds to a Reeb orbit in Y Λ ( ). Moreover, since the map contracts sizes of fibers it follows that the p-coordinate p 0 of (q 0 , p 0 ) is unique.
Repeating the procedure using instead the backwards Reeb flow and letting G : D
− denote the map which corresponds to going once around we find, using an identical argument, a fixed point (q 0 , p 0 ) for G the q-coordinate of which is unique. Since fixed points of G correspond to Reeb orbits in Y Λ ( ) as well, the lemma follows.
Reeb chords of Legendrian submanifolds of Y Λ ( ). We next consider the case of
Reeb chords on the co-core link Γ ⊂ Y Λ ( ). In order to describe the result we introduce the following notation. Assume that the components of the attaching link Λ are Λ 1 , . . . , Λ k . Then the co-core link Γ has corresponding components Γ 1 , . . . , Γ k , where Λ j and Γ j lies in the same handle. Let R In particular these results hold for any such identification map. We will use this fact below.
Auxiliary cobordisms and basic holomorphic strips
In this section we construct auxiliary cobordisms that are adapted to Reeb chords, we equip them with a specific almost complex structure for which it is trivial to find certain basic holomorphic strips that are the starting point for our curve counting in Section 7.
More precisely, if c is a Reeb chord of the attaching sphere Λ and if c is the corresponding Reeb chord of the co-core sphere Γ, see Lemma 5.2, then we construct auxiliary cobordisms X Λ ( ; c) connecting Y to Y Λ ( ; c), where X Λ ( ; c) is a small deformation of the cobordism X Λ ( ) constructed in Section 4.2 and Y Λ ( ; c) is a small deformation of Y Λ ( ) as constructed in Section 4.1. Then we equip X Λ ( ; c) with an almost complex structure in which there is an obvious holomorphic strip with boundary on L ∪ C that interpolates between c and c. Here L is the core disk and C is the co-core disk.
Also, in complete analogy with this construction just mentioned, if Λ 0 ⊂ Y − Λ is a Legendrian submanifold, if a is a Reeb chord connecting Λ 0 to Λ or vice versa, and if a is the corresponding Reeb chord connecting Λ + 0 and Γ, see Lemma 5.4, then we define a cobordism X Λ ( , a) adapted to a with an almost complex structure for which there is a holomorphic strip with boundary on L ∪ C ∪ (R × Λ 0 ) interpolating between a and a.
6.1. Deformed hypersurfaces. We consider a perturbation of the defining equation for V ± . Let p and s be integers with 5s + 5 < p, as in Section 4.1. Fix an integer q with p − s < q < p and let β : R + → [0, 1] be a cut off function with the following properties:
β (r) = 1 for r ≥ 2 q , and
where d (k) β denotes the k th derivative of β . Write r 2 = x 2 2 + y 2 2 and define the hyper-surfacesV ± ⊂ C n as (6.1)V ± = (x, y) ∈ C n : 2x
Let I ± ⊂V ± denote the subset where β (r 2 ) < 1.
We think ofV ± as a perturbation of V ± . Note that the perturbed and the non-perturbed hypersurfaces agree for (x 2 , y 2 ) = (0, 0) and for r 2 ≥ q . Consider the Liouville vector field v = 2x · ∂ x − y · ∂ y , see (3.3) , and the normal vector field n ofV ± given by
Hence v is transverse toV ± and induces the contact form α = 2x · dy + y · dx on these hypersurfaces.
6.2.
Coordinates on Reeb chords and coordinates. Let c be a Reeb chord of action a(c) < a 0 . Let c − denote the end point of c where the Reeb vector field points into c and let c + denote the other end point of c. We consider the cases when at least one of the endpoints lie in Λ and the other either also lies in Λ or in some other Legendrian submanifold Λ 0 .
Fix a tubular neighborhood U (c) ⊂ Y which consist of all points of distance 0 from c. After possibly shrinking U (c), we find coordinates (ξ
C n−1 and ζ − ∈ R, on U (c) with the following properties.
• The Reeb chord c corresponds to
• The neighborhood U (c) corresponds to
• The contact form λ on Y is given by
• The Legendrian submanifold Λ at the start point c − of c is given by
The existence of such coordinates follows from a standard application of Moser's lemma. In the case that the endpoint c + lies in Λ then we next change Λ by a small Legendrian isotopy supported in an small neighborhood of c + in the following way, see Figure 6 . The Reeb flow is generic with respect to Λ, and therefore the tangent space T c + Λ corresponds to a Lagrangian subspace of
Change Λ by a Legendrian isotopy of small support which first makes it agree with its tangent space at c + and which then rotates this tangent space in C n−1 (the shortest way) to the subspace
We write Λ c for the Legendrian submanifold which results from this definition. Then c is still a Reeb chord of Λ c which agrees with
Furthermore, if the support of the Legendrian isotopy is sufficiently small, then Reeb chords of Λ and Λ c of action < a 0 agree.
Let (ξ + , η + , ζ + ) ∈ C n−1 × R be coordinates similar to those above but based at the end point c + . In these coordinates Λ c at c + (in the case that c − ∈ Λ 0 , we take Λ c = Λ without deformation) corresponds to
and the contact form on Y is expressed as
In case both endpoints lie in Λ then the coordinates on U (c) based at c + and at c − respectively are related by the coordinate change
6.3. Identification maps, cobordisms, and Reeb dynamics. In Section 4.2 we constructed the cobordism X Λ ( ) and the new contact manifold Y Λ ( ) by identifying Λ ⊂ Y with the core sphere S y ( p ) ⊂ V − . In this section we will use that construction with specific identification maps which are adapted to a fixed Reeb chord c of Λ. We denote the cobordism and new contact manifold corresponding to the attaching map adapted to the Reeb chord c X Λ ( ; c) and Y Λ ( ; c), respectively. Further we will construct cobordismsX Λ ( ; c) which are small deformations of X Λ ( ; c) by identifying Λ c with the core sphereŜ y (
There are parallel but simper constructions adapted to Reeb chords a between Λ and Λ 0 .
The specifics of the identifications of Λ and Λ c with the corresponding core spheres S y ( p ) andŜ y ( p ), respectively, are as follows. Note that both S y (
be coordinates on iR n and write y 2 = (y 2;1 , . . . , y 2;n−1 ). Then, by definition ofV − ,
We use identification maps φ c : Λ → S y ( p ) andφ c : Λ →Ŝ y ( p ) with the following properties, see Figure 7 :
where y 1 (b ± ) = 0 and |y 2;1 (b
We repeat the constructions of Y Λ ( ) and of X Λ ( ) in Sections 4.1 and 4.2, respectively, on the one hand using hypersurfaces V ± as there and on the other usingV ± instead of V ± . More precisely, we write X Λ ( ; c) andX Λ ( ; c) for the cobordisms constructed using the identification maps φ c : Λ → S y ( p ) andφ c : Λ c →Ŝ y ( p ), respectively, and we write Y Λ ( ; c) andŶ Λ ( ; c) for the new contact manifolds which are convex boundaries of X Λ ( ; c) andX Λ ( ; c), respectively. We also write Γ andΓ for the co-core spheres in Y Λ ( ) andŶ Λ ( ), respectively. Proof. In order to compare the Reeb flows in Y Λ ( ) andŶ Λ ( ) we note that the new flow is determined by the flow through the handle viewed as a map from the boundary of a tubular neighborhood of the attaching sphere to itself. If we rescale the handle bounded by V ± so that the major axes of the ellipse in the boundary of the gluing region N ( s+1 ), see Section 4.1 for notation, equals 1 then its minor axis is of length s . In this setting theV ± corresponds to flattening the ellipse in a neighborhood of its minor axis of width q−1 where q > 3s. Thus boundary regions of the attaching handles are likewise very close.
Using the rescaled Reeb flow as in (3.6) and the counterpart forV ± we find that the flow maps through the handle (estimated crudely as the maximal flow time times the norm of maximal difference between the vector fields) for the boundary rescaled as above are O( 3s−1 ) which is small compared also to the minor axis. We conclude that the flow maps can be made arbitrarily close by taking sufficiently small. The lemma follows. We end this section by noting that the Reeb flow alongV ± admits a very simple description in the region where r 2 < q . HereV ± is a product,
where γ ± is the curve γ ± = {(x 1 , y 1 ) : 2x
and where D( q ) is a disk of radius q in C n−1 . Consequently, the Reeb flow lines in this region are of the form γ ± × {p}, where p ∈ D( q ). Defining a local coordinate z in this region as
where γ − (0) lies in the Legendrian core sphere. Then in coordinates (z,
, the contact form onV ± is given by
6.4. An almost complex structure onX Λ ( ; c). Let c be a Reeb chord of Λ ⊂ Y and consider the cobordismX Λ ( ; c), see Section 4.2. Let ω denote the symplectic form on X Λ ( ; c). In this section we endowX Λ ( ; c) with an almost complex structure compatible with ω.
Consider the neighborhood U (c) ⊂ Y of the Reeb chord c as in Section 6.2 with coordinates (ζ − , ξ − , η − ) ∈ R × C n−1 in which the contact form is given by
Consider the contact planes ker(λ) in U (c). If π : R × C n−1 → C n−1 denotes the projection then π| ker(λ) is an isomorphism. Define the complex structureĴ on the contact planes by
where J 0 denotes the standard complex structure on C n−1 . We note that (6.5) in coordinates (ζ + , ξ + , η + ) on U (c) instead of (ζ − , ξ − , η − ) leads to the same complex structure on ker(λ). Using the complex structureĴ on ker(λ) we will construct an almost complex structure J c on X Λ ( ; c) for sufficiently small . Consider the neighborhood map Φ c : N (Λ) →V − which agrees with the map φ c : Λ →Ŝ y ( p ) on Λ. Choose > 0 sufficiently small so that U (c) contains
Then the complex structureĴ of (6.5) gives a complex structure on the contact planes in the q -neighborhood of the central Reeb flow line
UsingĴ we define an almost complex structure J c on the compact partX
• Λ ( , c), see Section 4.2 for notation, as follows. Consider the contact (2n − 2)-plane field ker(λ) in the q -neighborhoods of γ ± × {0} in V ± . Extend this plane field to a (2n − 2)-plane field Ξ defined in an
with the property that the planes in Ξ are everywhere transverse to the (x 1 , y 1 )-plane. To see that such an extension exists, note that the angle θ between the contact planes ker(λ) and the (x 1 , y 1 )-plane satisfies θ = π 2 + O( q ) at all points in the q -neighborhood of γ ± × {0}. Let J c be the unique almost complex structure on W ( q ) which has the following properties
where π : Ξ → C n−1 is the isomorphism induced by the projection which forgets the (x 1 , y 1 )-coordinates.
Consider the almost complex structureĴ on the symplectizations ofV ± induced by the almost complex structureĴ, see (6.5) , in the standard way. Then J c agrees withĴ when these are restricted to contact planes in q -neighborhoods of c inV − and of c inV + , respectively. Furthermore since both complex structuresĴ and J c leaves the tangent 2-planes spanned by the Reeb vector field and the symplectization direction invariant we find that after changing J c inside these planes only, J c andĴ agree completely in a neighborhood of
where Ω t denotes the time t Liouville flow as in (4.7). Note in particular that tangent 2-planes spanned by the Reeb vector field and the symplectization direction are J c -complex also for the deformed complex structure J c .
We thus have an almost complex structure J c in W ( q ) which agrees with the symplectization almost complex structure ofV ± near W ( q )∩V ± and with the almost complex structure
Using the symplectization to extend J c in an R ± -invariant way we get an extension of J c to
Finally, we extend J c to an almost complex structure in the rest of the cobordism in such a way that it is adjusted to ω. and consequently,
since u is J c -holomorphic.
Remark 6.4. Recall thatX λ ( ) contains two natural Lagrangian submanifolds both diffeomorphic to R n :
• L which consists of (i R n ∩X
. Note also that L ∩ C consists of one point which corresponds to the origin in C n .
Lemma 6.5. There exists a J c -holomorphic strip S c ⊂X Λ ( ; c) with boundary on C ∪ L, which is asymptotic to c at its positive puncture, which has two corners at C ∩ L, which is asymptotic to c at its negative puncture, which agrees with the Reeb chord strip of c in the upper end and that of c in lower ends, respectively, and which consists of two quadrants in the (x 1 , y 1 )-plane inside W ( q ).
Proof. The tangent planes of S c are J c -complex by construction.
6.5. Analogous cobordisms adapted to a mixed Reeb chord. Let a be a Reeb chord connecting Λ 0 to Λ or vice versa and let a denote the corresponding Reeb chord connecting Λ 0 and Γ. Adapting the handle and the attaching map to the end point of a which lies on Λ so that it plays the role of c ± in Section 6.3 we construct a cobordismX( ; a) connectinĝ Y ( ; a) to Y . Furthermore, we find, as in Section 6.4, a complex structure J a such that the following holds.
Lemma 6.6. There exists a J a -holomorphic strip S a ⊂X Λ ( ; a) with boundary on (Λ 0 × R) ∪ C ∪L, which is asymptotic to a at its positive puncture, which has one corner at C ∩L, which is asymptotic to a at its negative puncture, which agrees with the Reeb chord strip of a in the upper end and that of a in lower ends, respectively, and which consists of two quadrants in the (x 1 , y 1 )-plane inside W ( q ).
Proof. The tangent planes of S a are J a -complex by construction.
Counting holomorphic disks
In this section we count holomorphic disks in the symplectic cobordism X Λ ( ). We describe the exact types of disks below. Our main result shows that the count of these disks equals ±1. Our argument is as follows. First we show that the basic disks constructed in Sections 6.4 and 6.5 are unique and transversely cut out. Then we glue all other curves inductively from these pieces. In doing so we must both deform the cobordism and look at splittings at the boundary of 1-dimensional moduli spaces. We are able to control these phenomena because of the small action of the disks that we consider. We will carry out the proof for Reeb chords connecting Λ to itself and associated chords connecting Γ to itself and orbits, and only state the results for the analogous but somewhat simpler case of chords connecting Λ 0 to Λ and associated chords connecting Λ + 0 to itself and Λ + to Γ.
7.1. Notation for disks. Recall the following notation: Λ ⊂ Y is the Legendrian attaching sphere, Γ ⊂ Y Λ ( ) is the Legendrian co-core sphere, L ⊂ X Λ ( ) is the Lagrangian n-plane consisting of Λ × R − and the core disk, and C ⊂ X Λ ( ) for the Lagrangian n-plane which consists of Γ × R+ and the co-core disk. When studying disk with two positive punctures on Γ below we will use three slightly different copies of C (parallel copies, as in the definition of product in wrapped Floer cohomology, see [8] ). More precisely, let C = C 0 and let C 1 be an -shift of C along the differential of a small function with one minimum near the intersection point C ∩ L, and let C 2 be a similar 2 -shift of C 1 . Then Γ 2 and Γ 1 are a small push offs of Γ in the Reeb direction and the set of Reeb chords Γ 1 → Γ 0 and Γ 2 → Γ 1 are both canonically identified with the set of Reeb chords Γ → Γ. We will use the following terminology for disks below.
• A holomorphic disk u : D → X Λ ( ) is an (a; c 1 . . . c m )-chord-chord disk if it has the following properties:
-u has one positive boundary puncture mapping to the Reeb chord a of Γ.
-u has two Lagrangian intersection punctures mapping to L ∩ C.
-u has negative boundary punctures mapping to the Reeb chords c 1 , . . . , c m of Λ.
(Note that there is an induced order of the Reeb chords at the negative boundary punctures.)
following properties:
-u has one positive interior puncture with asymptotic marker mapping to the Reeb orbit α with a marker on the underlying geometric orbit in Y Λ ( ). -u has negative boundary punctures mapping to the Reeb chords c 1 , . . . , c m of Λ.
-u has two positive boundary punctures mapping to the Reeb chords Γ 2 → Γ 1 and Γ 1 → Γ 0 corresponding to the Reeb chords a 1 , a 2 of Γ -u has one negative boundary puncture mapping to the Reeb chord b of Γ.
-u has one negative interior puncture mapping to the Reeb orbit α in Y Λ ( ). Representing the domain disk as the unit disk with the positive boundary puncture at 1 and the interior puncture at the origin, there is an induced positive marker, the image of the positive real axis on α. 
By definition of these coordinates they are related to the coordinates (x 2 , y 2 , z) in the handle, see (6.4) , where they overlap as follows
Consider next the region A(c) as in (6.6). Topologically, A(c) is homeomorphic to S 1 ×R× D 2n−2 , where S 1 corresponds to the Reeb orbit corresponding to the Reeb chord c. Consider a point p in A(c). We want to map p into C n−1 . To this end we may use either the projection π − or the projection π + corresponding to coordinates (ξ − , η − , ζ − ) and (ξ + , η + , ζ + ) and then using the change of coordinates to get to C n−1 ⊂ C n with coordinates (x 2 , y 2 ). We think of π − (π + ) as the result of translating p backwards (forwards) along c to c − (to c + ) and then projecting to C n−1 . From the change of coordinates relating (ξ
Let pr :Ã(c) → A(c) denote the 4-fold cover of A(c). Then we define a projection
as follows. Pick a base pointp 0 ∈Ã(c). Ifp ∈Ã(c) then connectp top 0 with a pathγ and let π(p) ∈ C n−1 be the result of translating pr(p) along the path γ = pr(γ) and then projecting to C n−1 . As mentioned above, each time we go around S 1 ⊂ A(c) the projection to C n−1 changes by multiplication with J 0 and it follows that π :Ã(c) → C n−1 is well defined. Let u : D → A(c) be a map from a Riemann surface. Lifting u we get a mapũ :D →Ã(c), whereD is a (not necessarily non-trivial) 4-fold cover of D.
Letũ ⊥ = π •ũ :D → C n−1 and note that the complex structure on D induces a complex structure ofD.
Proof. Locally, the projection to C n−1 composed with u is J 0 -holomorphic by Lemma 6.3. The result follows. (The role of the covering construction is merely to piece all possible local holomorphic maps together to a map into C n−1 .)
As shown in Lemma 6.5, there is an obvious J c -holomorphic (c ; c)-chord-chord disk S c which agrees with the Reeb chord strips of c and of c in the upper-and lower symplectization ends respectively and which consists of a part of the (x 1 , y 1 )-plane inside the handle. We will show next that the disk S c is the only (c ; c)-chord-chord disk in A(δ ) for some 0 < δ < 1 and all sufficiently small . To this end we discuss how to parameterize maps with image in a neighborhood of S c .
The neighborhood is parameterized by the total space of a bundle over the space of conformal structures on the 4-punctured disk the fiber of which is a direct sum H 2,δ ⊕ V sol where H 2,δ is the weighted Sobolev space of vector fields along (a reference parametrization of) S c ) with two derivatives in L 2 and with positive exponential weights of the form e δ|τ | , 0 < δ 1 in neighborhoods the ends which we think of as [0, ∞) × [0, 1], and where V con is spanned by two cut-off solutions near the punctures mapping to Reeb chords corresponding to translations in the symplectization ends. To get a parametrization we use the exponential map on vector fields in our standard coordinates on the neighborhood of S c . We view the∂ J -operator as a section of the corresponding bundle of complex anti-linear and we say that a solution of the∂ J -equation is transversely cut out if the linearization of this operator is surjective at the solution. For more details on this construction we refer to [6, Appendix B.4] and [7, Section 3] . Lemma 7.2. The holomorphic disk S c ⊂X Λ ( ; c) is uniformly transversely cut out. Consequently, there exists 0 < δ < 1 such that for all sufficiently small > 0, S c is the only (c ; c)-chord-chord disk in A(c; δ ) ⊂X Λ (c; ).
Proof. Consider the linearized∂ Jc -operator at S c acting on the space of vector fields with two derivatives in L 2 weighted by small positive exponential weights at the ends and augmented by cut-off vector fields corresponding to translations. This linearized operator is invertible (since its boundary condition is of a standard form and the linearized Reeb flow at the Reeb chords takes tangent spaces of the corresponding Legendrian submanifolds to transverse subspaces). Restricting to tangent vectors of 2-norm ≤ C q where C is chosen so that the exponential map maps these variations inside the q -neighborhood whereV ± is a product we find that 0 < δ < 1 exists as claimed.
Remark 7.3. The reason for restricting to tangent vectors mapping into an q -neighborhood of S c is that if longer tangent vectors are included then we must take into account the change in the Reeb flow outside W ( q ). This change leads to a blow up in the variation of the derivative of the∂ Jc -operator and the implicit function theorem cannot be used to guarantee uniqueness as → 0.
Our next lemma shows that S c is unique over all.
Lemma 7.4. The J c -holomorphic disk S c is the only (c; c )-chord-chord inX Λ (c; ).
Proof. We assume that there exists a sequence { j } ∞ j=1 such that j → 0 as j → ∞ and such that for each j there is a (c ; c)-chord-chord disk S j c inX Λ (c; ) which does not lie in A(c, j ). We will use the symplectic forms e σ j t λ on the ends ofX Λ (c; j ), where σ j > 0 is a small constant. More precisely, there exists t 0 > 0 such that S 
j (A(c; ) ∩X Λ;t 0 (c; )) and consider the restriction v j : E → A(c; ) ∩X Λ;t 0 (c; ).
The boundary of E decomposes as
) is a curve near the Reeb chord c (c) in the symplectization level at t = t 0 (at t = −t 0 ), where ∂ L∪C E ⊂ ∂D and v j (∂ L∪C E) ⊂ L ∪ C, and where
With notation as in Lemma 7.1, consider the mapsṽ j :Ẽ →Ã(c; ) and the corresponding mapṽ
where ∂ ±Ẽ is the preimage of ∂ ± E etc, under the 4-fold covering map. Let B n−1 (r) denote the ball of radius r in C n−1 centered at the origin. Note thatṽ
can find a ballB ⊂ B n−1 ( 
for some constant c 0 . In particular, with β denoting a primitive of the symplectic form ω on X Λ;t 0 (c; ) we find that
On the other hand the area of S j c ∩X Λ;t 0 (c; ) is up to terms of size O( 2p+1 ) estimated by
since the boundary ∂ ± E lies at distance O(δ) = O( 2p+1 ) from the Reeb chords. Thus,
This contradicts (7.3) and we find that ∂ 0 E = ∅ and hence that S (a) The algebraic number of (a; c 1 .
The algebraic number of (a, α)-chord-orbit disks in Y Λ ( ) × R equals ±1.
We prove Theorem 7.5 in a sequence of lemmas below. To see this, assume that there is some several level disk in the compactification of M [0, 1] . By exactness of the Lagrangian boundary condition the only splitting which can occur corresponds to splitting at a Reeb chord at positive or negative infinity or at a Reeb orbit at negative infinity. The existence of such a splitting however contradicts a(c ) − a(c) = O( 2p ) by Stokes' theorem and (c) above.
The lemma now follows from (7.4), (a), the properties of J 0 and J 1 , and Lemma 7.4.
Proof of Lemma 7.5. We use notation as in the formulation. Assume inductively that the number n(a; c 1 . . . c m ) of (a; c 1 . . . c m )-chord-chord disks equals ±1 for all Reeb chord words of length m. Lemma 7.6 implies that this holds for m = 1. Consider the moduli space of disks with two positive punctures at Reeb chords a 1 connecting Γ 2 to Γ 1 and a 2 connecting Γ 1 to Γ 0 , corresponding to Reeb chords of Γ ⊂ Y Λ ( ) where a 1 corresponds to the Reeb chord word c 1 . . . c l and a 2 to the word c l+1 . . . c m+1 , with negative punctures at Reeb chords c 1 , . . . , c m+1 of Λ ⊂ Y , and with two Lagrangian intersection punctures. This moduli space is 1-dimensional. Transversality by perturbing the almost complex structure is again straightforward, the disk have injective points near the positive punctures since we use slightly distinct Lagrangians. Then, since a(a 1 ) + a(a 2 ) − m+1 j=1 a(c j ) it follows as in the proof of Lemma 7.6 that the boundary of this moduli space consists of the following configurations:
• two level disks with top-level a (a 1 , a 2 ; a)-chord disk and bottom level an (a; c 1 . . . c m+1 )-chord-chord disk, and • two component broken disks with components an (a 1 ; c 1 . . . c l )-chord-chord disk and an (a 2 ; c l+1 . . . c m+1 )-chord-chord disk joined at C ∩ L. Let n(a 1 , a 2 ; a) denote the numbers of (a 1 , a 2 ; a)-chord disks. Then counting boundary components of the 1-dimensional moduli space we find n(a 1 , a 2 ; a)n(a; c 1 . . . c m+1 ) = n(a 1 ; c 1 . . . c l )n(a 2 ; c l+1 . . . c m+1 ).
However, by our inductive assumption n(a 1 ; c 1 . . . c l )n(a 2 ; c l+1 . . . c m+1 ) = ±1 and we conclude n(a 1 , a 2 ; a) = ±1 and n(a; c 1 . . . c m+1 ) = ±1. This proves (a) and (c).
For (b) and (d) we consider instead the 1-dimensional moduli space of punctured cylinders with a positive puncture on one boundary component mapping to C where the map is asymptotic to a corresponding to the word c 1 . . . c m and negative punctures at the other boundary components mapping to L where the map is asymptotic to c 1 , . . . , c m . Representing the cylinder as [−R, R] × S 1 we require that the positive puncture corresponds to R × 1. The action argument above shows that the boundary of this 1-dimensional moduli space consists of the following configurations:
• an (a 1 ; c 1 . . . c l )-chord-chord disk joined with a (a 2 ; c l+1 . . . c m )-chord-chord disk at L ∩ C and • an (a; α)-chord-orbit disk joined to an (α; c 1 . . . c m )-orbit-chord disk. Here the boundary puncture of the (a; α)-chord-orbit disk induces a marker on α, which is then the marker at the positive puncture of the (α; c 1 . . . c m )-orbit-chord disk.
Since the algebraic number of (a, c 1 . . . c k )-disks equals ±1 a repetition of the above count of ends of moduli spaces shows that (a) implies (b) and (d) with the induced marker. To see that (d) holds for any marker, consider the cobordism of moduli spaces corresponding to moving the marker on the orbit. Since there is no Reeb orbit or chord with action between α and the cyclic word there is no splitting in the moduli space and the count is independent of the location of the marker. This finishes the proof.
Proof of Theorem 1.3. Theorem 1.3 is a restatement of Theorem 7.5.
7.4.
Analogous results for mixed Reeb chords. The analogues of the results for pure Reeb chords in Section 7.2 for mixed chords a connecting an arbitrary Legendrian submanifold to the attaching sphere Λ are similar to the pure chord case but simpler. We first introduce notation. Let Λ 0 be a Legendrian submanifold disjoint from Λ.
• In analogy with Lemma 7.4 we have the following result for basic disks:
Lemma 7.7. For a mixed chord a of between Λ and Λ 0 , the J a -holomorphic disk S c is the only (a; a )-chord-chord disk inX Λ (a; ).
Proof. Analogous to Theorem 7.4.
With this result established the following main result for disks connecting the above type of chords are proved using the exact same gluing and compactness arguments as in the proof of Theorem 7.5. Proof. Analogous to Theorem 7.4.
